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Super-Twisting Control of Double Integrator
Systems With Unknown Constant
Control Direction

Chau Ton, Siddhartha S. Mehta, and Zhen Kan

Abstract—A continuous sliding mode controller is
developed for double integrator systems with constant
unknown control direction. Additionally, the system is
assumed to be subjected to unknown non-vanishing dis-
turbances. The controller yields finite time convergence to
hyper sliding surface and guarantees that the origin of the
system is exponentially stable. Simulation and experimen-
tal results are provided to validate the proposed control
algorithm.

Index Terms—Variable-structure/sliding-mode control,
robust control, uncertain systems.

[. INTRODUCTION

NKNOWN control direction refers to uncertainty in the

direction of motion of the system due to uncertainty in
the sign of the input gain matrix. Controller design for sys-
tems with unknown control direction has been studied for
the last three decades. The Nussbaum gain is one of the
first adaptive control algorithms developed in [1]. Since its
inception, the Nussbaum gain has been widely used in adap-
tive control to compensate for the input sign uncertainty.
However, Nussbaum-based controllers do not guarantee expo-
nential convergence and exhibit peaking phenomenon due to
the high-gain feature of these controllers [2], [3], which may
pose practical challenges.

Robust control techniques have also been studied for the
systems with unknown control direction. Kaloust and Qu [4],
presented continuous robust controllers with smooth shift-
ing law to guarantee stability of uniform ultimate bound-
edness (UUB) with constant and time-varying input sign
uncertainties. Sliding mode control (SMC) is a popular robust
control technique due to its ability to compensate for paramet-
ric uncertainty and external disturbances [5]. Asymptotically

Manuscript received March 6, 2017; revised May 17, 2017;
accepted June 7, 2017. Date of publication June 22, 2017; date
of current version July 7, 2017. This work was supported by the
AFRL Mathematical Modeling and Optimization Institute Under Grant
#FA8651-08-D-0108/042-043-049. Recommended by Senior Editor
C. Prieur. (Corresponding author: Chau Ton.)

C. Ton is with Air Force Research Laboratory, Kirtland Air Force Base,
Albuquerque, NM 87117 USA.

S. S. Mehta is with the University of Florida, Shalimar, FL 32547 USA.

Z. Kan is with the University of lowa, lowa City, IA 52246 USA.

Digital Object Identifier 10.1109/LCSYS.2017.2718970

stable SMC law was developed in [3] for nonlinear systems
with relative degree one and constant unknown control direc-
tion. The results were extended in [6] to obtain finite time
convergence for systems with relative degree two using a
second-order SMC law. Adaptation mechanisms are employed
in [6] that vary the sign of the control input gain coefficient
to compensate for the unknown control direction. Recently,
Oliveira et al. [7] and Yan et al. [8] developed variable struc-
ture model reference controllers, where the constant unknown
control direction was identified using monitoring functions.
An observer using super-twisting algorithm is designed in [9]
to observe the state of a system with unknown control direc-
tion. Drakunov et al. [10] used a multiple-equilibrium surface
to divide the system state space into cells with fixed con-
trol to compensate for unknown control direction. For the
systems with unknown control direction, the existing con-
tinuous robust controllers yield UUB stability and while
improved stability guarantees can be obtained using discon-
tinuous SMC, it may result in chattering and large bandwidth
actuation.

One of the main aspects of SMC is the design of the slid-
ing surface to which the motion of the system is restricted.
To ensure that sliding mode occurs, i.e., the state of the
system reaches the sliding manifold, infinite switching is usu-
ally required. From a practical perspective, high frequency
switching could introduce unwanted oscillations, known as the
chattering, that could lead to unintended effects [11]. Various
solutions exist in the literature to alleviate the problem of unin-
tended oscillations and chattering in SMC, such as by using
a continuous control input within a boundary layer around
the sliding surface [12], observers [13], multi-phase convert-
ers and appropriate phase shift [14], low-pass filter [15], and
gain adaptation [16]. Higher order sliding mode (HOSM) con-
trol has also been widely used to mitigate the chattering
phenomenon [16], [17]. Generally, HOSM requires that the
derivatives of the sliding variables to be known, which may not
be desirable in practice. One of the solutions is to use the sec-
ond order SMC with continuous control structure, also known
as super-twisting algorithm (STA). STA facilitates design of a
continuous control input without the need for the derivatives
of the sliding variables. These benefits motivated variations in
the STA algorithm, such as variable gain STA [18], Lyapunov
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functions for non-homogeneous STA [19], and continuous ter-
minal sliding mode control [20], [21]. Recent results in SMC
that alleviate the chattering problem and over estimation of
the control gain can be found in [22]-[25].

Motivated by the developments in STA, the goal is to
develop a continuous robust controller for systems with
unknown control direction. Unlike Nussbaum-based adaptive
controllers, the system is assumed to be subjected to non-
vanishing external disturbances. Specifically, the contribution
of this letter is a continuous super-twisting sliding mode con-
troller for double integrator systems with constant unknown
control direction and non-vanishing disturbances. The pre-
sented controller guarantees convergence to hyper sliding
surface in finite time, thus identifying the unknown control
direction. As opposed to the Nussbaum gain approach [26],
the controller guarantees exponential stability of the sys-
tem origin. The presented controller does not employ logic
tests [3], [6] or monitoring functions [7] to determine the
hard uncertainty in the control input. Also, in contrast to most
SMC-based approaches [7], [8], [10] to systems with input
sign uncertainty, the presented control solution is continuous
in time. The robustness of the developed controller is verified
through numerical simulations and an indoor experiment using
a wheeled mobile robot.

This letter is organized in following sections. Section II
states the problem formulation and assumptions. Section III
defines the sliding surface and open-loop system. Section IV
presents the robust control structure and provides stability
analysis. Section V contains simulation results, and Section VI
presents experimental results. Section VII summarizes the
contributions of this letter.

[I. PROBLEM FORMULATION

Consider an uncertain system with double integrator dynam-
ics subjected to non-vanishing disturbance as

X1 =x
Xy =f(1) +b(u (1)

where x = [x; x2]7 € R? is the state of the system, b(t) € R
denotes the uncertain input gain with constant unknown con-
trol direction, f(#) € R represents the unknown disturbance,
and u(zr) € R is the control input.

Assumption 1: The non-vanishing disturbance f(#) and its
time-derivative f(t) € R can be upper bounded by known
constants f,f € RT as

ol <f, 1f0l<f.

Assumption 2: The continuous function b(¢) in (1) can be
written as b(t) = |b(¢)|sign(b(t)), which satisfies the following
properties:

e |b(?)] is lower bounded by a known constant b; € R as

b1 < |b(?)] such that b(t) # OVr.
o The sign of b(¢) is constant but unknown, i.e., sign(b(t)) €
{1, —1}.

o The time-derivative of b(z) is upper bounded by a known
constant b € RT as |b(r)| < b.

Assumption 3: The system in (1) is controllable.

The objective is to design a continuous robust control input
u(t) that guarantees exponential stability of the system in (1)
in the presence of the input sign uncertainty and non-vanishing
disturbances.

I11. SLIDING SURFACE DESIGN

Based on the SMC theory, to ensure that (1) converges to
the origin, the sliding surface s(f) can be designed as

s =ax] +x 2)

where a € R7 is a constant. When the sliding surface s(f) = 0,
X1 = coe”*, where ¢y € R is a constant, and x;(f) decays
exponentially. To compensate for the sign uncertainty in b(¢),

the hypersurface 5(¢) can be designed as
t
s=s+ k/ s(t)dt 3)
0

where A € RT is a constant.

Taking time derivative of (2) and (3) along the trajectories
of (1), the time rate of change of the sliding surface s(¢) and
the hypersurface sliding surface 5(¢) can be obtained as

S =Xy +axy 4
§ =35+ As. (5)

Substituting (1) and (4) into (5), the open-loop system can be
obtained as

5 = b(Du + axy + () + As(x). (6)

The hypersurface 5(f) is used in the subsequent analysis
to compensate for the unknown control direction. It will be
shown that 5(r) approaches a constant in finite time, hence
s(t) decays exponentially, and thus the state x(f) exponentially
reaches the origin.

[V. CONTROLLER DEVELOPMENT

The control input u(#) in (1) is designed below. To facilitate
subsequent analysis, u(f) is segregated into two terms as

t
u=k1[\I/J1/2+/ u (1) drt (7
0

up = (k2 + Azlxal + Apluz|)sgn(W) — (A +aju (8)

where ki, ky € RT are constants to be defined later, Ao, Ap €
Rt are known constants, [W|'/2 = |W |/ 25ign(W¥), uz =
fé up(t) dt, and W(¢) is a sinusoidal function of 5(¢) defined as

TS
V(1) £ sin —
&

where ¢ € R determines the spacing between the equilibrium
surfaces.

Using the same super-twisting algorithm as in [18] to rep-
resent the sliding surface s(f) as a second order system,
the hypersurface 5(f) can also be written in the same man-
ner. Substituting (7) into the open-loop system in (6), the
closed-loop system can be obtained as

§=b)k (V]2 + ¢
Z=b®(ur + (@ + Mu) + (o + L)f (¢) + raxy
+ £ + b(Dus. )
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Substituting (8) into the second expression in (9) yields

2= b®) (k2 + Azlxz| + |u3|Ap)sgn(¥)

+ A1x2 + () + b(t)us. (10)

A <
where A;, A € RT such that A; = A« and b—l < A, b <
1

A < O+ e) and fi() = (a + Af (1) +f(1) <8 € R*. The
constants by and b in the above expressions are introduced in
Assumption 2, and k> is designed to satisfy k» > 15_1'

To facilitate subsequent analysis, the term z(f) can be
succinctly written as

z=Db(t)psgn(V) + f1(1)

where the positive definite function p(7) € R is expressed as

_ sgn(x2)
p =k + Ile()uz —HLIW)
Sgn(ua)
Let the vector () € R? be defined as
_|& |2 f‘l‘Jm}
E(t)—[gz}[ z . (12)

Taking time derivative of ¢ () along the trajectory in (5), ;L(t)
can be obtained as

= 1/2( ¢+ Bf) (13)

||

where the time- and state-varying matrix A(x,#) and the
constant vector B can be obtained as

Qbk
A= ﬂ28 : Q;_s B = 0
bp 0 bl 1 9

(14)

s
and fo = |¥|Y/2f(1). In (14), Q@ = cos —.
Theorem 1: For the system in (1), vghere the sign of the
input gain b(f) is unknown, provided that k; and k; are
designed to satisfy inequalities

408 + y?
Hp+YT) > ki > max(uy, n2) (15)
b_yI
27|y Q
2rilyel (16)
24 |yl
e(IbTlp+ 1y
B+ > TP (a7
T
s
ky > — 18
2 > by (18)
where
g’ (Iual 1blp* 1yl
wi=———— +—+—+ 2p>
B+ y)m2Q2 \ |by| b4 D]
1 blp + €
N (ble + Iy 19)
4|by | 7|by|Q
&
o= —— (20)
B+ )/z)ﬂleI
IbIQV— +2lyblp+y P +fi+y +1 (21)

ble

and the control input u(f) in (7) ensures that the surface 5(¢)
is reached in finite time, and (s, x) is exponentially stable.

Proof: Consider a Lyapunov candidate function
V(@) e RT as

v=c:TpPc (22)

where P € R?*2 is a positive definite symmetric matrix
given by

P:[ﬁ“”’2 ”} (23)

y 1

where y = —k,sgn(2) and B,k, € R are constants.
Taking time derivative of (22) along the trajectories of (1) and
substituting (13), the Lyapunov derivative can be obtained as

. 1
- |lI/|1/2

where the fact that BT P¢ = ¢TPB is used.

Remark 1: Consider a set where 5 = {€/2, 3¢/2, 5¢/2, .. .}.
In this set & = 0, hence y = —k, 8, where § is the Dirac delta
function. Although y is singular, V(¢) does not immediately go
to infinity due to the property ;/::fooo 8(y)dy = 1. Fox exam-
ple, consider the case when the states are on an unattractive
manifold, i.e., § = » + ¢, where » = 0, +¢, +2¢, £3¢, ....
This implies in (9) that the hypersurface 5(¢) increases to
another constant § = sr+2¢ or decreases to § = sz, where both
surfaces are attractive. This also implies that € continuously
increases from -1 to 1, or decreases from 1 to -1, while cross-
ing the boundary & = 0. Although y = —k, 6 when Q@ =0,
the control input u(¢) is continuous and the actual system in
(1) does not jump. Hence, the discontinuity at = 0 can be
regarded as a jump from an unattractive set towards an attrac-
tive set. It will be shown that the system is stable as 2 — =1,
and 2 only crosses the boundary €2 = 0 when it goes from an
unattractive to attractive region. Also note that 2 = 0 does not
correspond to the equilibrium point. Therefore, the following
analysis ignores the case when = 0 and hence P = 0 is
used in (24). _

Let f3 € R™ be a known constant where (« + Mf+f <f
where f and f are defined in Assumption 1, then the Lyapunov
derivative can be upper bounded as

(cT(ATP + PA). +26BTPL) + ¢TPe  (24)

1 T
S e — o (¢Tec + BT+ 1N - 12)  29)
where & = ATP+ PA. After completing the squares and using
1| =f7¢TCTCt for C=[1 0], the inequality in (25) can
be written as
V< |‘IJ|1/2§ s (26)
where Q(r) € R¥*? is as follows:
v X
0= [ ] 27
X %Q +1

The scalar functions x (¢), v(¢f) € R in (27) can be obtained as

b3
x=2-2(B+rH+brki ) +v +bp

2¢ (8)
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T
v=b(B+r)ThQ+2p) 47+ (29)
The objective is to ensure Q(f) to be negative definite. Let
01(t) = —Q(¢) and the inequality

1yl
Q2=Q1—%1>0

(30)
is satisfied, where I € R?*? is the identity matrix. Then, Q5 (?)
can be expressed as

Qz:_[v+|y|/2 x}

N o €29

b4
where o (f) = y—Q + 14+ m

For unknown sign(b(t)), when the sliding surface 5(tf) = E
is attractive, where E is a constant, the sign of Q always
converges to the opposite of the sign of b(¢), i.e., sgn(2) =
—sgn(b(t)). This implies that sgn(b<2) = —1 when sgn(W) is
attractive, otherwise sgn(b2) = 1. However, when sgn(\W¥) is
not attractive, the state 5(¢) leaves the current manifold and
enters the region where sgn(W¥) is attractive.

Recall that the eigenvalues are related to the determinant
and trace of the matrix as

det(Q2) = nim2,

where 11 and 1, are the eigenvalues of Q> (). When det(Q7) >
0 and trace(Q3) > 0, this implies that the eigenvalues np, 7 >
0 and the matrix Q» () is positive definite. To ensure that Q5 (¢)
has positive eigenvalues, using the expressions in (32) and the
attractive properties of sgn(W), the inequalities in (15)-(18)
have to be satisfied.

In the set F = {(R2, p, b)|0 < ||, p < p, b1 < |b|}, where
p € R is a constant and b is defined in Assumption 2, there
exist a positive constant 8, a function y(¢), and a positive
constant k; that satisfy inequalities (15)-(17). It can be seen
that by increasing the constant S, inequalities (15) and (17)
can be easily satisfied. Therefore, using (30) and the fact

trace(Q2) = n1 + (32)

that Q1(r) = —Q(t), the Lyapunov derivative can be upper
bounded as
lyl llgIl?
—_ 33
where || - || denotes the Euclidean norm. From (12), it is clear

that ||¢|| > |W|'/2. Using this fact and the definition of y
in (23), the inequality in (33) can be expressed as
. ky
Vi < —7||§||. (34)
The Lyapunov function V(¢) in (22) can be upper and lower
bounded as

AminPICI? <V < A (P)ICI

where Apin(P) and Apax(P) are the minimum and maxi-
mum eigenvalues of P, respectively. Therefore, the Lyapunov
derivative in (34) can be further upper bounded as

k
r__yl2,

" 2Ama(P) ! ©2)

VIS

0 5 10 15 20 25 30

time (sec)

Fig. 1. Position x4 (t) and velocity x»(t) versus time showing exponential
convergence of the states to the origin.

The inequality in (35) implies that V(¢) goes to zero in finite
time [18]. This implies that 5(z) goes to a constant in finite
time. Therefore, (5) yields the following equality [10]:

§ = —As. (36)

From (36), it is clear that s(f) exponentially decays to zero.
Given the fact that s(f) — 0, it can easily be shown from (2)
and (4) that x(¢) — 0 as t — oo [10].

Similar to [18], the proposed control structure cannot stay
on the set S = {(V, z) € R2|W = 0}. Since V(¢) is continu-
ously decreasing, by using [27, Proposition 14.1], where V(r)
does not need to be differentiable, it can be concluded that
the equilibrium (W, z) can be reached in finite time from any
initial condition. |

V. SIMULATION RESULTS

Simulation for the second order systems in (1) was car-
ried out to validate the robustness of the proposed controller.
Various control gains and design parameters used in the control
law were selected as

ki =10 k=18 a=05 1=03
e=10 A, =035 A, =0.034

The non-vanishing disturbance f(f) and the unknown input
gain b(t) were selected as the following functions of time:

f(®) = 5sin(r),

Although the direction of the control input, i.e., sign(b(¢)) = 1,
was specified, it was not used in the controller development. In
addition, the magnitude of b(#) was considered to be unknown
and only a lower bound on |b(f)| was used to satisfy the gain
conditions. The initial conditions were given as

b(t) =1+ 0.5cos(t/30).

x1(0) =5, x2(0) = 3.

Figure 1 shows the position x| (¢) and velocity x;(¢), Figure 2
shows the surface s(f) and the hypersurface 5(¢), and Figure 3
shows the control input u(f) as a function of the time. In
Figure 2, it can be seen that 5(f) reaches a constant in finite
time and consequently s(f) goes to zero exponentially, which
implies that x(f) goes to zero exponentially as shown in
Figure 1. It can be seen that the control input u(7) in Figure 3
is continuous, and the chattering phenomenon is mitigated.
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Fig. 3. Control input u(t) versus time.

V1. EXPERIMENTAL RESULTS

To demonstrate the effectiveness of the proposed control
structure, an experiment was carried out using iRobot Create.
iRobot Create is a differential drive wheeled mobile robot. The
dynamics of the robot are given by

U cos® — vh sinf
v sinf + vl cos b

b(tHu+f(t)

where (x, y) is the position of the robot in the xy-plane, v is the
linear velocity of the robot, 6(¢) is the orientation of the robot
measured counter-clockwise with respect to x-axis, u(¢) is the
control input (i.e., angular acceleration), b(f) is the unknown
input gain, and f(¢) is the unknown disturbance. The con-
trol objective was to stabilize the orientation 6(¢) and angular
velocity 6(f) to the origin in the presence of sign uncertainty,
ie., O(t),é(t) — 0. In other words, the goal is to regulate
the orientation of the robot to O or parallel to +x-axis, and
the position (x, y) can be anywhere in the workspace. As the
objective is to regulate the orientation of the robot, the lin-
ear velocity v(#) was held constant at 0.2 m/s throughout the
time. The time-varying angle and position of the robot with
respect to the inertial frame was measured using an OptiTrack
Motion Capture system. The controller was implemented in
Robotic Operating System (ROS) and received state feedback
from OptiTrack over a wireless network. The robot uses a low-
level velocity controller, and therefore the angular acceleration
input u(¢) was integrated to obtain commanded angular veloc-
ity to drive the robot. Note that although the mobile robot is
nonholonomic, only the orientation of the robot is controlled

.
y|= (37)
0

ORI = OWWW
@ 7Y

-10 -1
0 10 20 30 0 10 20 30
t (sec) t (sec)
(a) s(t) (b) s(t) zoomed in

Fig. 6. The surface s(t) versus time.

where the orientation sub-system is fully actuated. In practice,
the disturbance f(#) may not be known a priori. However, from
the knowledge of the workspace or the environment, a bound
on f(f) can be established. In this experiment, the disturbance
was due to imperfections in the floor (e.g., bumps) which were
sufficiently smooth. Therefore, f(f) and f (1) exist and can be
considered to be bounded, and the control gain was tuned suf-
ficiently large to compensate for f (). The results are shown
in Figures 4-8.

Various control gains and constant design parameters
in (2), (3), (7), and (8) were selected as

ki =01 k=02 a=01 1=0.1
e=025 A;=0.11 A, =0.01

Figures 4-8 show the angle 6(r), angular velocity 6(),
surface s(f), hypersurface 5(¢), and control input u(¢) as a func-
tion of time. The hypersurface 5(f) approaches a constant in
approximately 7s as shown in Figure 7, which causes s(%),
6(t), and é(t) to exponentially decays to zero as shown in
Figures 4-6. The large spike in Figures 4-7 and 9 was due to
momentary loss of track from the OptiTrack system, however,
that did not drastically affect the performance of the controller.
The angular velocity 6(r) was noisy due to noisy measurement
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Fig. 7. The hypersurface 5(t) versus time.
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Fig. 9. Robot’s trajectory in the workplace shows the robot tracks a
straight line as 6(t) — O.

from O(f). Figure 9 shows the position of the robot in the
workspace. It can be seen that the robot travels in a straight
line as 6(r) approaches zero.

VIl. CONCLUSION

A continuous sliding mode controller is developed for
second-order systems with constant unknown control direc-
tion. The presented controller guarantees that the unknown
sign of the control gain can be identified in a finite time
as the designed hypersurface converges to a constant man-
ifold. Further, once the control direction is identified, the
controller guarantees that the origin of the system is exponen-
tially stable. Simulation and experimental results demonstrate
the effectiveness of the control algorithm.
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